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Thermodynamic modelling of carbonaceous mesophase mixtures

Mojdeh Golmohammadi and Alejandro D. Rey*

Department of Chemical Engineering, McGill University, Montreal (Quebec) H3A 2B2, Canada

(Received 19 October 2008; final form 4 December 2008)

The Maier–Saupe model is extended to the binary mixtures of uniaxial discotic nematogens to compute the
equilibrium phase diagrams of carbonaceous mesophases. The ordering in the mixture is affected by temperature
(thermotropic) and concentration (lyotropic). The magnitude of molecular weight asymmetry of two nematogens
and the strength of molecular interaction control the type of mixture: (a) non-ideal mixtures arise under
sufficiently weak interaction and lower molecular weight differences; and (b) ideal mixtures arise under stronger
molecular interaction and higher molecular weight asymmetries. Ideal mixtures have clearing temperatures that
change monotonically with concentration and the higher molecular weight component has higher-order
parameter. Non-ideal mixtures have a minimum in the clearing temperature at a critical concentration at which
the binary mixture behaves like a pure nematogen and the ordering of the two species are identical; for non-ideal
mixtures the relative magnitude in the species’ ordering depends on the concentration; the species with lower
molecular weight can have a higher order if its concentration is high enough. Characterisation protocols based on
X-ray computations and direct methods are proposed to detect the type of mixture and the magnitude of
molecular interaction. The results provide new tools to design carbon fibres based on molecular properties.

Keywords: discotic nematic liquid crystals; carbonaceous mesophase; mixture; molecular weight; concentration;

lytropic; thermotropic; X-ray

1. Introduction

Carbonaceous mesophases (CMs), first reported by

Brooks and Taylor (1), are discotic nematic liquid

crystalline (DNLC) mixtures obtained from petro-

leum pitches and synthetic naphthalene precursors

(2). The composition, polydispersity and molecular

orientation of CMs play a significant role on the final

properties of cokes (3), carbon foams, carbon/carbon

composites (4) and carbon fibres (5–8). Property

optimisation and cost reduction of high-performance

carbonaceous materials require a better understand-

ing of the thermodynamics, and dynamics of CM

mixtures and their intrinsic properties. For instance,

it is known that the final structure of the fibres based

on the pure liquid crystalline materials are influenced

by the temperature (9); however, in reality CMs are

not pure liquid crystals (LCs), they are composed of

the species with different molecular weights and

concentrations. Several theoretical and experimental

studies have been carried out on binary nematic liquid

crystalline (NLC) mixtures (8, 10–14). However, no

systematic investigation has been performed to find

out how the nature of the mixture and its composi-

tion control the final structure of the CM fibres and

optimise product performance in structural and

functional (thermal) applications. To meet this

objective this paper focuses on the equilibrium

thermodynamics of CM binary mixtures. As a

starting point in this weakly explored area, we
consider an athermal solution of two thermotropic

uniaxial discotic nematogens that only differ in

molecular weight thus precluding phase separation.

It has been shown previously in the literature that

phase separation does not play a significant role in

the mixture of nematic LCs differing in molecular

weight. The components of some of the mixtures that

have been investigated also differ in the chemical
structure (12, 15–17). Based on available experimen-

tal data (10) we choose representative molecular

weights of 200 to 1400.

The theory derived in this work can also be used

in other NLC areas. For instance, mixtures of two or

more mesogens are also important in liquid crystal

display (LCD) applications, where composition of
the mixture is used to overcome the restrictions owing

to thermal operating conditions and optimisation of

the response time by the calibration of viscoelastic

properties. The Maier–Saupe (MS) theory is widely

used to describe the thermodynamics of nematic LCs

(18). This mean field theory gives the temperature-

dependence of the molecular orientation in mesogenic

materials. It predicts the values of the experimentally
measured scalar order parameters (19) very well and

hence it has been applied to different NLC systems

and can be adjusted to their mixtures (12, 20). In this

paper we use the MS theory adjusted to binary

uniaxial discotic nematogens.
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The usual description of a single species discotic

nematic LC (21) is based on the normalised orienta-

tion distribution function ODF(u), where u is the

orientation of the disc normal, given by

ODF uð Þ~ 1

2p
f oz

3|5

2p|2
Q2

ij f
2
ij

z
3|5|7|9

2p|2|3|4
Q4

ij f
4
ijz . . .

ð1Þ

where fo, f 2
ij , f 4

ijkl , . . . are orthogonal surface spherical

harmonics and where the coefficients of the Fourier

expansion, Q2, Q4,… are symmetric and traceless

tensors found using orthogonality. The quadrupolar

tensor order parameter Q2 used in the Landau–de

Gennes viscoelastic model (22) is

Q:Q2~

ð

Z2

f uð Þf2 dA

~

ð

Z2

f uð Þ uu{
d

3

� �
dA~Suu{

d

3
T

ð2Þ

where Z2 is half the unit sphere. For uniaxial phases

Q is given in terms of a temperature-dependent scalar

order parameter s(T) and the average molecular

orientation or director n: Q5s(nn2I/3). The possible

states of uniaxial discs are: (i) isotropic (I), s50; and

(ii) nematic, s.0. For CMs at high temperatures the

stable phase is isotropic and at sufficiently lower

temperatures it is nematic; issues of stability of

nematic phases in CMs are discussed in (23). As

shown in Appendix 2 (Equation (36)), for binary

mixtures of uniaxial mesogens, a similar development

leads to the mixture quadrupolar order parameter:

Qmix:Q~m1Q1zm2Q2 ð3Þ

where mi is the mole fraction of ith component. For

binary discotic nematogens at equilibrium we find

collinear directors (n15n2) and the mixture uniaxial

scalar order parameter then is: smix5m1s1+m2s2.

Nevertheless, since the ordering states of each species

are coupled and are also dependent on temperature

and dilution, we expect, based on the above observa-

tions, that binary mixtures display three states:

(i) isotropic (I), s150, s250;

(ii) nematic (N12), with s1>s2;

(iii) nematic (N21), with s1(s2.

For the exceptional case when s15s2, the nematic

mixture behaves like a single component system.

Previous work (24) on liquid crystalline mixtures

of dissimilar mesogens focuses on phase separation

effects while this paper focuses on similar mesogens

under no phase separation. Figure 1 shows a sche-

matic of the possible equilibrium phase diagrams

for binary CMs, in terms of temperature (T) as a

function of composition (m1). The diagrams show the

equilibrium phases that are possible for different

degrees of interaction (b) and different degrees of

molecular weight difference between the two compo-

nents (DMw); in this example species ‘1’ has higher

molecular weight and, hence, nematic– isotropic (NI)

transition temperature than species ‘2’. Figure 1(a)

shows the thermodynamic phase diagram of a typical

non-interacting (b50) mixture. The two full lines

denote the NI transition for each species; the

decreasing transition temperature as dilution

increases is the typical lyotropic effect. As the two

transition lines cross, four phase regions are possible:

I1–I2, I1–N2, I2–N1, N1–N2, where the subscripts 1

and 2 denote the species. For example, when m150.6,

quenching from a sufficiently high temperature leads

to the following sequence:

I1, I2?N1, I2?N1, N2:

In the presence of molecular interaction (b.0),

shown in Figures 1(b) and (c), the crossing transition

lines become a single continuous isotropic–nematic

(IN) transition curve, such that below (above) this

curve the two species are in the nematic (isotropic)

state. Depending on the nature of the mixture (i.e.

molecular weight difference DMw and the interaction

b between the components) N21 can show up

(Figure 1(c)) or it can disappear (Figure 1(b)). This

fact is reflected in the temperature-concentration

phase diagram of the mixtures (T, m1), which can be

classified as follows.

(i) The transition temperature, TNI, increases mono-

tonically by increasing concentration; this type of

behaviour, which is called ideal, does not exhibit

the N21 phase (Figure 1(b)). By decreasing the

temperature the only possible transition when

Mw1.Mw2 is

I1, I2?N1, N2

with s1.s2. The spheres below the diagram are

schematics of the orientation distribution func-

tions of the two components on the unit sphere,

where the size of the white polar cap represents

the degree of molecular order; since s1.s2 the

white area of ‘1’ is smaller than that for ‘2’.

(ii) The transition temperature exhibits a minimum

by increasing the concentration. This type of

behaviour, shown in Figure 1(c) is called non-

ideal and allows the formation of the N21
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Figure 1. Schematics of the expected thermodynamic phase diagrams in terms of temperature as a function of composition:
(a) for non-interacting mixtures (b50); (b) for sufficiently strongly interacting mixtures and/or sufficiently large molecular
weight asymmetry; (c) for weakly interacting mixtures and/or small molecular weight asymmetry.
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mixture (s2.s1) even though Mw2,Mw1. The N21

and N12 areas are separated by a vertical line that

defines the critical concentration (m1c) at which

s15s2 and the binary mixture behaves as a single-
component nematogen. The critical mixture that

emerges due to concentration effects is charac-

terised by the minimum transition temperature in

the temperature-composition phase diagram

(T, m1). These mixtures are formed at a specific

concentration; we call it the critical concentra-

tion, m1c. Depending on the concentration values

two cases arise:

(1) below the critical concentration, the low-mole-

cular-weight component which has higher con-
centration is more ordered and, as a result, has a

major contribution to the ordering of the

mixture (lyotropic effect) so that s2.s1 (N21),

as shown in the orientation distribution func-

tions below the figure;

(2) for more concentrated systems (above critical

concentration), the component with higher

molecular weight makes the major ordering

contribution to the mixture (Mw effect) so that

s1.s2 (N12), as shown in the orientation dis-

tribution function below the figure.

The specific objectives of this paper are:

(i) to develop and solve an equilibrium thermo-

dynamic model for binary discotic nematogens
athermal mixture based on the MS model;

(ii) to characterise the role of intrinsic properties

(molecular weight asymmetry, and molecular
interactions) and dilution on the nematic

structure;

(iii) to characterise phase transition and critical
concentration in binary discotic nematogenic

mixtures;

(iv) to derive an equation for the value of the
interaction in the critical mixture;

(v) to propose methods to assess the magnitude of
the interaction parameter and classify mixtures.

The main focus of the paper is to describe the
effect of mixing, dilution, molecular weight asymme-

try on the molecular order, and phase ordering and

phase transition of the mixture. Analysis of heat of

transitions and related thermodynamic aspects of

phase transitions are outside the scope of this paper.

The organisation of this paper is as follows.

Section 2 presents the MS binary mixture model;

thermodynamic consistency and convergence to

single-component expression is proven. The main

parameters are identified and the numerical solution

scheme is defined. The thermotropic and lyotropic

nature of these mixtures is discussed and the effect of

molecular weight is established. Section 3 presents the

derivation of the equation used to characterise the

interaction parameter b, as well as the derivation of

the X-ray intensity to determine the type of the

mixture as well as the value of the critical concentra-

tion. Section 4 presents the numerical results and

discussion: Section 4.1 discusses the effect of (i) the

relative alignment of the components, (ii) the

molecular weight asymmetry, (iii) dilution and (iv)

the interaction parameter on the molecular structure

and ordering of the mixture. Section 4.2 discusses the

effect of different parameters on the phase diagram of

a CM binary mixture; as mentioned above the

intrinsic parameters are molecular weight asymmetry

(DMw) and the interaction parameter (b) and the

operating conditions are concentration (m1) and

temperature (T). Section 4.3 presents X-ray intensity

and the average ordering at transition as the tools to

characterise the type of the mixture as well as the

value of the critical concentration. Section 5 provides

the conclusions. Appendix 1 presents the single-

component MS model in a form compatible with the

mixture model. Appendix 2 derives the orientation

distribution of a nematic mixture in terms of the

single component distributions and derives the

equation for the mixture quadrupolar order para-

meter Qmix.

2. Maier-Saupe binary mixture model

The MS model for a single-component nematic LC

(25) is briefly described in Appendix 1 and extended

below to a binary mixture of two discotic nemato-

gens. For a homogeneous binary mixture, the internal

energy Emix per molecule is given by the summation

of three contributions:

Emix~E11zE22zE12 ð4Þ

due to self (1–1, 2–2) and cross (1–2) species

interactions. Figure 2 shows a schematic of the

Figure 2. Schematic of molecular orientation (u1,u2) and
directors (n1,n2) in binary discotic nematogens which form a
single nematic phase. The relative angle between the
directors is a.
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components in the binary mixture, where u1 and u2

are molecular unit normals and n1 and n2 are the

corresponding directors with the relative alignment a.

In view of Equation (4), the internal energy of the

mixture is (see Appendix 1) generalised to

Emix Qð Þ~{
3

4
W 11Q1:Q1

{
3

4
W 22Q2:Q2{

3

2
W 12Q1:Q2

ð5Þ

where the composition and molecular weight-

dependent interaction parameters {W11, W22, W12} are:

Wii~m2
i U ii; W12~m1m2U12;

U ii~ Ū ii
Mwi

m1Mw1zm2Mw2
;

U12~ Ū12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mw1Mw2

p

m1Mw1zm2Mw2

where Mwi denotes the molecular weight of the ith

component, mi its molar fraction and {Ū11, Ū22, Ū12}

are the bare interaction parameters. Based on

Equation (5) and the MS model, the partial internal

potentials (W1, W2) acting on each species are

W1~
LEmix

LQ1

: u1u1{
I

3

� �

~{
3

2
W11Q1zW12Q2ð Þ: u1u1{

I

3

� �

W2~
LEmix

LQ2

: u2u2{
I

3

� �

~{
3

2
W22Q2zW12Q1ð Þ: u2u2{

I

3

� �
:

ð6Þ

The Helmholtz free energy per unit mole of the

homogeneous mixture A(Q1, Q2) is:

A Q1, Q2ð Þ~{NA EmixzkB Tln Zð Þ ð7Þ

where NA is Avogadros number and the mixture

partition function Z is factorised:

Z~Zm1

1 Zm2

2 ~

ð
e{W1=m1kBTdu1

� �m1

ð
e{W2=m2kBTdu2

� �m2
ð8Þ

where Zi is the partition function of the ith species.

Equations (5), (7) and (8) are consistent with the

thermodynamics (26) since they obey

Emix~
dbA=NA

db
~{Emix{

dln Z

db
: ð9Þ

The ten equations of equilibrium are obtained by

minimising the free energy A (Equation (7)) with

respect to (Q1, Q2). According to the discussion

regarding Equation (3), the binary mixture displays

an isotropic state and uniaxial nematic states. Hence,

we can safely reduce the solution space (from ten

equations to two equations) and parametric space as

follows. Scaling the Helmholtz free energy A with the

bare interaction parameter Ū11, minimising the

resulting dimensionless free energy with respect to

Q1, Q2, and double-contracting the tensorial equa-

tions with n1n1 and n2n2, respectively, we find

m1Q1S1z
3

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1m2Q1Q2

p
21S2 cos2 að Þ{ 1

3

� �

{Tr

X2

i~1

mi

Zi

LZi

LS1
~0

3

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1m2Q1Q2

p
21S1 cos2 að Þ{ 1

3

� �
zm2Q222S2

{Tr

X2

i~1

mi

Zi

LZi

LS2
~0

ð10Þ

where the partition functions Zi are defined in

Equations (6) and (8). The asymptotic limits of

Equations (10) (m150,1) of this expression corre-

spond to the pure nematic LC. As shown below for

the present CM case, the mixture is uniaxial and a50.

The thermodynamic of the mixture is defined by the

dimensionless temperature Tr and two effective molar

fractions:

Tr~
kBT

Ū11

; Qi~
miMwiP

miMwi

: ð11Þ

The two material parameters of the model are

21~
Ū12

Ū11

; 22~
Ū22

Ū11

: ð12Þ

The material parameters 21,22

� �
are functions of

the species’ molecular weights. To introduce the

molecular weight dependence we use experimental

data (19) in conjunction with the well-known relation

Ūii54.542kTNIi, where the clearing temperature

TNIi is a function of the molecular weight Mwi.

Experimental data on CMs suggest that this depen-

dence is well fitted by a linear function

TNIi~ Ūii

�
4:542k~azb Mwi ð13Þ

where the parameters a, b, based on the data of (24),

are chosen as a52150 and b50.75.

We choose component ‘1’ as a representative

component of a CM with Mw151400 (see (10)) and
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vary the molecular weight Mw2 of the second

component so that molecular weight asymmetry

DMw5Mw12Mw2 changes. Using Equations (12),

(13) and experimental data we find the following

molecular weight dependence of 22:

22~
Ū22

Ū11

~
4:542kTNI2 Mw2ð Þ
4:542kTNI1 Mw1ð Þ~

czd Mw2

czd Mw1
ð14Þ

where c, d are constants. Since the molecular weight

dependence of 21 is not suggested by actual data,

we use

21~b22 ð15Þ

where b is a constant whose sign depends on the

geometrical nature of the species: for the similar

components, i.e. disks and disks or rods and rods, it is

positive; however, for dissimilar components it is

negative (27). We note that taking b as another

material parameter will not affect the essential nature

of the results (i.e. the presence of the ordering states

(I, N)) but will only shift phase transition curves in

the thermodynamic phase diagram.

The present thermodynamic model is given by the

two non-linear integral equations (Equations (10));

the solution vector consists of the two scalar order

parameters (s1, s2); the two material parameters are b
and DMw; the thermodynamic phase diagram is

obtained by sweeping over temperature Tr and

concentration m1. Equations (10) are solved by

Newton–Raphson method, with an eighth-order

Simpson integration method. Stability, accuracy and

convergence were ensured using standard methods.

For the higher values of the molecular weight

asymmetry and the higher values of the interaction

parameter, the numerical algorithm exhibits multiple

solutions in the vicinity of the transition temperature.

Depending on the values of the initial guess, the final

solution vector would be different. Therefore, the

values of the free energy are compared for different

initial guesses and that with the minimum energy is

selected as the correct solution. Issues of metast-

ability are not considered in this paper.

3. Characterisation methods

3.1 Computation of the interaction parameter for
critical mixtures

In this section, we present tools to characterise non-

ideal mixtures that exhibit a minimum in the NI

transition temperature corresponding to a con-

centration at which the two species form a pseudo-

pure component nematic. Different experimental

studies have reported a pronounced minimum in the

transition temperature of the liquid crystalline mix-

tures as a function of the concentration (8, 28–30).

However, theses studies have not addressed the effect

of intrinsic parameters involved in the CM mixtures,

the most important one being the molecular weight

asymmetry. The minimum in the phase diagram (see

Figure 1(c)) shows a weak interaction between the

components. To calculate the values of the interac-

tion parameter, b, of a given nematogen mixture with

specific critical concentration and molecular weight

asymmetry, we solve Equations (10) with s15s2 and

obtain

b~

1{m1cð Þ 1{
DMw

Mw1

� �
TrNI2

TrNI1

� �
{m1c

1{2m1cð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1{
DMw

Mw1

� �s
TrNI2

TrNI1

� � : ð16Þ

Once we determine the value of the critical concen-

tration (m1c) for a mixture with known molecular

weights (Mw1, Mw2) and transition temperatures

(TrNI1, TrNI2), the interaction parameter b can be

calculated by using Equation (16). In Section 4.3, we

show how to determine the critical concentration and

how to find the interaction parameter by using

Equation (16).

3.2 X-Ray intensity

The solution vector (s1, s2) to Equations (10) is used

to predict X-ray intensity using previously derived

equations (26). The X-ray intensity Ii(h) of a single-

component nematic LC, when assumed to follow the

MS theory, is (31)

Ii hð Þ~
ffiffiffi
p
p

2
ODFi hð Þ

erf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
{wi hð Þ=mikT

p� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
{wi hð Þ=mikT

p ð17Þ

where the single species orientation distribution

function is

ODFi~exp {wi=mikTð Þ=Zi ð18Þ

and erf is the error function. Measuring Ii(h) is thus a

useful way to determine the orientation distribution

function ODF1(h). A review of application of

Equation (17) in conjunction with the MS theory is

given in (32). For a uniaxial nematic mixture (a50;

see Figure 2) we can safely assume that Equation (17)

holds. Using this assumption we find the mixture

X-ray intensity Imix(h):

Imix hð Þ~
ffiffiffi
p
p

2
ODFmix

erf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
{wmix hð Þ=kT

p� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
{wmix hð Þ=kT

p ð19Þ
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where the mixture orientation function ODFmix and

the mixture MS mean field potential wmix are (see

Appendix 2)

ODFmix~m1ODF1zm2ODF2

~exp {wmix hð Þ=kTð Þ=Zmix

{wmix hð Þ=kT~ln Zmix m1ODF1zm2ODF2ð Þð Þ:

ð20Þ

In this work, we solve Equations (10) for selected

Figure 3. Schematic of a binary mixture of discotic
nematogens, representative of a carbonaceous mesophase
mixture.

Figure 4. Scalar order parameters (s1, s2 and smix) as a function of reduced temperature for m150.2 and b50.1, for (a)
DMw5800 (Mw25600) and (b) DMw5400 (Mw251000).
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Figure 5. Scalar order parameters (s1, s2 and smix) as a function of dimensionless temperature, for b50.1 and DMw51000 for:
(a) m150.2; (b) m150.31; (c) m150.4.
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areas of the (Tr, m1) phase diagram, calculate the

ODF using Equations (18) and (20), and then use the

results in conjunction with Equation (19) to compute
Imix(h).

4. Results and discussion

4.1. Structure of the nematic phase

4.1.1. Relative alignment (a).

The relative alignment a defines the nature of the

nematic mixture: (i) uniaxial, a50 and (ii) biaxial,

a?0. In the original tensorial formulation, minimis-

ing A (Equation (7)) with respect to (Q1, Q2)
determines a. For mixtures of uniaxial discs differing

only in molecular weight, a is zero and the nematic

mixture is therefore uniaxial (Figures 2 and 3). Under

external fields such as confinement, flow, magnetic

and electrical fields, a is an unknown (33–35).

4.1.2. Effect of molecular weight difference.

This section shows how the state (I, N) and the phase

transition of the binary mixture depends on the

molecular weight difference DMw514002Mw2.

Figure 4 shows the scalar order parameters s1, s2

and smix as functions of the dimensionless tempera-

ture Tr, for m150.2, b50.1, DMw5800 (Figure 4(a))

and 400 (Figure 4(b)). At sufficiently high DMw

(Figure 4(a)), the lower molecular weight component

has less ordering in spite of its higher concentration.

At high enough temperatures a concavity is observed

in its ordering trend. It emerges from the intrinsic

tendency of the component with the lower mole-

cular weight to be isotropic; however, due to the

interaction (b) it is energetically preferable to be

in the nematic state. The first-order NI phase

transition takes place at Tr50.095. At lower DMw

(Figure 4(b)) the low melting component controls the
ordering of the mixture due to its dominant

concentration and the NI transition takes place at

Tr50.109.

4.1.3. Dilution effect (m1).

Mesogenic mixtures exhibit both lyotropic and

thermotropic behaviour, si(T, m1), and dilution

(changes in m1) drives the phase transition, as in

other lyotropic LCs (36).
Figure 5 shows the scalar order parameters s1 and

s2 as a function of dimensionless temperature Tr,

for b50.1, DMw5400, m150.2 (Figure 5(a)), 0.31

(Figure 5(b)) and 0.4 (Figure 5(c)). In this case the

minority component ‘1’ has the higher molecular

weight and higher TNI value, but dilution introduces

the lyotropic effect. At high dilution (Figure 5(a))

as Tr increases the minority component has more
tendency to convert to the isotropic phase. Transition

takes place at Tr50.109. As the concentration

increases (Figure 5(b)) both the minority and the

majority components exhibit a similar ordering and

the mixture behaves like a pure system. The transition

takes place at Tr50.095 which shows a decrease

compared with m150.2. We use the term ‘critical

Figure 6. Scalar order parameters (s1, s2 and smix) as a function of dimensionless temperature, for m150.2 and DMw5400 and
b50 (no interaction).
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mixture’ for this system and ‘critical concentration’

for the corresponding concentration (0.31 here). At

m150.4 (Figure 5(c)) the majority component has less

ordering due to its lower Mw and tends to be in the

isotropic state; in this case transition takes place at

Tr50.108.

In partial summary, binary mixtures exhibit both

lyotropic and thermotropic behaviour. A minority

component of relatively high Mw at low temperatures

may nevertheless exhibit low ordering due to the

lyotropic effect.

4.1.4. Effect of the interaction parameter (b).

In the absence of interactions, b50, the mixture

is ideal and the two mesogens are unaffected by

each other and each undergoes the clearing transi-

tion independently. Figure 6 shows scalar order

Figure 7. Scalar order parameters (s1, s2 and smix) as a function of dimensionless temperature, for m150.2, and DMw5400 for
two different interaction parameters: (a) b50.1 and (b) b50.5. For highly interacting mixtures the contribution of the higher
molecular weight component ‘1’ to the ordering becomes enhanced so that s15s2, although m1%m2.

84 M. Golmohammadi and A.D. Rey

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
4
:
5
7
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



parameters s1, s2 and smix as functions of the dimen-

sionless temperature Tr for DMw5400, m150.2 and

b50. However, when b?0 there is a single mixture

clearing temperature. Figure 7 shows the scalar

order parameters s1, s2 and smix as functions of the

dimensionless temperature Tr for DMw5400, m150.2,

b50.1 (Figure 7(a)) and 0.5 (Figure 7(b)). The figure

shows that for this weakly asymmetric mixture

(DMw5400), weak coupling (Figure 7(a)) leads to

coexisting nematic phases with different ordering

(s2.s1), but strong coupling (Figure 7(b)) leads to a

critical mixture. Hence, increasing the interaction

enhances the effect of molecular weight asymmetry.

4.2. Phase diagrams

In this section we use Equation (16) to classify the

T–m phase diagrams. Figure 8 shows the classifica-

tion of the mixtures in terms of molecular weight

asymmetry and interaction parameter, showing the

property envelopes for ideal and non-ideal mixtures.

The coefficients a and b applied in Equation (13)

restricts the minimum value of Mw2 as 200.

Therefore, the horizontal dashed line shows the limit

of DMw which is physically meaningful within the

model (1400220051200). The solid curve that sepa-

rates ideal from non-ideal behaviour is a plot of

Equation (16) with m1c50. The other distinguishing

features of Figure 8 are: (i) for equal molecular

weight, non-ideality arises only under weaker inter-

action; (ii) as the Mw asymmetry increases, ideal

behaviour arises with weaker interaction.

Figure 9 shows the phase diagram of two

mixtures, representing the two regions A and B in

Figure 8. (i) The mixture in region A behaves non-

ideally and exhibits a minimum in its phase diagram;

the mixture with the minimum transition temperature

TNI is the critical mixture where s15s2 (Figure 9(a)).

(ii) The mixture in region B, which has large

molecular weight asymmetry and large interaction

parameter, behaves ideally and shows a monotonic

increase in the transition temperature TNI as a func-

tion of the concentration (Figure 9(b)); as a result, a

critical mixture cannot be obtained from this region.

Figure 10 shows the critical concentration as a

function of DMw and b, using Equation (16). As the

interaction b increases the concentration needed to

obtain the critical mixture with a specific DMw

decreases. In other words, the larger value of b

enhances the effect of the component with higher

molecular weight. Therefore, it controls the overall

order parameter of the mixture, even at a lower

concentration, in contrast to the system with a

smaller b. All of the graphs reach the zero critical

concentration. In the case of the zero critical

concentration the critical mixture forms at m150.

In other words the first component (with the

higher molecular weight) always controls the overall

Figure 8. Classification of the mixtures into two types, type A with the non-ideal behaviour and type B with ideal behaviour,
based on their intrinsic properties: Mw asymmetry DMw and the interaction parameter b. For weakly interacting mixtures
and/or small molecular weight asymmetry the nematic–isotropic (NI) transition line exhibits a minimum by increasing the
concentration (region A); however, for sufficiently strongly interacting mixtures and/or sufficiently large molecular weight
asymmetry the NI transition line is monotonic (region B).
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orientation of the mixture. In the other words, s1 is

always greater than s2. The second component can

control the overall orientation, only when m150.

Figures 11 shows the effect of b on the tempera-

ture-composition thermodynamic phase diagram for

DMw5400 and b50 (no interaction) (Figure 11(a));

b50.1, 0.2 and 0.5 (Figure 11(b)); Ii denotes isotropic
and Ni denotes nematic. Under no interaction

(Figure 11(a)) there are two clearing transition lines

and in the region below the transition lines, coexisting

nematic and nematic–isotropic phases are observed.

As the interaction increases (bq) the crossing transi-

tion lines merge (Figure 11(b)) to define the mixture

isotropic–nematic transition line. The nematic region

contains two parts: N21 with s2.s1 for the left part

and N12 with s1.s2 for the right part. The boundary

between these two regions corresponds to the critical
concentration which makes the critical mixture,

where s15s2 and where the transition temperature

has the minimum. By increasing the interaction

Figure 9. Temperature-composition thermodynamic phase diagram for two different types of mixtures: (a) non-ideal (with
DMw5600 and b50.1); and (b) ideal (with DMw5800 and b51).
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parameter, b, the tendency of the component with the

lower Mw to remain nematic increases; as a result,

transition to the isotropic phase shifts to higher

temperatures.

4.3 Critical concentration detection

As mentioned above, the orderings of CM mixtures

are affected by the lyotropic and thermotropic effects.

Concentration can shift the phase transition and any

related phenomena of the mixture along the tem-

perature axis. For instance, the final structure of the

CM-based fibres which is dictated by the temperature

effect (21) is influenced by concentration values.

Therefore, it is of key importance to determine

whether a specific mixture can produce a non-ideal

behaviour and if it can reach a minimum transition

temperature. It is also crucial to detect the critical

concentration of the mixture, if it exists. In the

following section, we propose predictive tools to

detect the critical concentration.

4.3.1 X-ray intensity.

Here we present the X-ray intensity Imix calculations

of the mixture using Equations (19) and (20).

Figure 12 shows the values of the intensity parallel

to the director h50 (maximum intensity) as a func-

tion of concentration m1, at a constant temperature

T5320 K for b50.1 and molecular weight asymmetry

DMw5400 (Figure 12(a)) and b51 and molecular

weight asymmetry DMw5800 (Figure 12(b)). The

intrinsic properties for Figure 12(a) correspond to

the non-deal region in Figure 8. The minimum value

of the intensity corresponds to the most uniform

distribution function which represents the least

ordered state. This phenomenon takes place in the

vicinity of the critical concentration. Therefore, we

can significantly decrease the range of the concentra-

tion in which the critical concentration exists.

Figure 12(b) show the corresponding predictions for

an ideal mixture and agrees with the expectation of a

monotonic increase. Therefore, by using X-ray

intensity we can: (i) determine the mixture type and

hence whether a critical concentration exists or not;

(ii) estimate a range of the concentration (for non-

ideal mixtures) in which the critical concentration

exists. This narrowed concentration range can then

be used more effectively to determine the exact value

of the critical concentration, using direct methods

that we mention next.

4.3.2 Direct Methods.

Here we discuss methods that can be used to

determine the critical concentration based on direct

measurements of the scalar order parameter.

Figure 13 shows the average ordering, smix, at the

transition smixjTNI, as the ordering criterion, as a

function of concentration for two types of behaviour

corresponding to Figure 12. Figure 13(a) depicts the

typical ordering trend of the mixture which behaves

non-ideally. Two local minima and a local maximum

are observed here. There are three regions in this

Figure 10. Critical concentration as a function of the intrinsic properties: molecular weight asymmetry and the interaction
parameter.

Liquid Crystals 87

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
4
:
5
7
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



graph: (i) below m1c, s2&s1 (which corresponds to

N21); in this section smix decreases by increasing

concentration (as s2 decreases); (ii) above m1c, s1&s2

(which corresponds to N12): in this section s1 and smix

increase as concentration increases; (iii) in the vicinity

of m1c, s1<s2 (which corresponds to the transition

region); in this section the controlling component is

changing and as a result, a maximum which takes

place at the critical concentration appears in the

graph. However, for the ideal case (Figure 13(b)), a

single minimum is observed. This figure shows the

typical ordering trend of the mixture which behaves

ideally. In this case the maximum corresponding to

the non-ideal trend moves to lower concentrations

and then disappears, resulting in an ideal behaviour.

There is no critical concentration in this case and the

component with higher molecular weight always

controls the overall ordering. Therefore, experimental

Figure 11. Temperature-composition thermodynamic phase diagram for DMw5400 and: (a) b50 (no interaction); (b) b50.1,
0.2 and 0.5. Two transition lines in the non-interaction case (a) converts to angle nematic to isotropic transition line for the
interacting cases (b). Strong interaction results in the higher nematic–isotropic transition temperature.
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methods such as nuclear magnetic resonance (NMR)

spectroscopy, diamagnetic anisotropy and refractive

indices which measure scalar order parameters of the

mixture and its individual components (19, 27, 37, 38)

can be used to detect the type of the mixture as well as

the value of the critical concentration.

5. Conclusions

In this paper we have extended the MS model

to binary mixtures of discotic nematogens. The

thermotropic and lyotropic behaviour of the mixtures

are demonstrated by phase transitions induced by

temperature and concentration changes. Based on the

molecular weight asymmetry and the interaction
parameter, mixtures are classified as ideal and non-

ideal. Each type exhibits a distinguished temperature-

concentration phase behaviour, as well as a specific

ordering trend. (i) Non-ideal mixtures with non-

monotonic NI transition temperatures and reversal of

ordering s1ws2 /? s2ws1

� �
due to the concentration

effect; the value of the concentration at which this

Figure 12. The maximum value of the X-ray intensity as a function of the concentration at T5320 K for: (a) DMw5400,
b50.1 (non-ideal); and (b) DMw5800, b51 (ideal).
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transition takes place is the critical concentration.

The mixture exhibits the minimum value of the

transition temperature at the critical concentration.

The average ordering of this type of mixtures, at the

NI transition, shows two minima and a local maxi-

mum corresponding to the critical concentration; this

case is obtained for weakly interacting mixtures

and its phase diagram shows lyotropic/thermotropic

behaviour. (ii) Ideal mixtures correspond to the

sufficiently strong interaction and highly asymmetric

molecular weights; for this case the NI transition

temperature monotonically changes by increasing the

concentration. The mixture behaves ideally and a

critical concentration with ordering reversal cannot

be obtained. Its average ordering at the NI transition

also changes monotonically with concentration. The

mixture type as well as the value of the critical

concentration can be determined by X-ray intensity

Figure 13. Scalar order parameter of the mixture at the transition temperature smixjTNI as a function of concentration for: (a)
DMw5400, b50.1(non-ideal); and (b) DMw5800, b51 (ideal). Maximum ordering at the transition is observed at the critical
concentration for the non-ideal type. No maximum is observed for the ideal case.
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measurements. They also can be detected by any

experimental method which measures scalar order

parameters.

In summary, the MS mixture model is a predictive

tool that can be used to assess the nematic ordering of
the mixture in response to the combined lyotropic

and thermotropic effects and to control the NI

transition using molecular weight asymmetry and

molecular interaction as parameters.
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Appendix I: Maier-Saupe model

In this section, we briefly sketch the MS model for

a single-component nematic LCs, which is necessary

in developing the binary mixture model. According

to the Doi–Maier–Saupe model the internal

potential W(u) acting on a molecule of orientation u

in a single-component LC is given by the following

expression:

W uð Þ~{
3

2
UQ : uu{

I

3

� �
: ð21Þ

This potential is derived from an internal energy E(Q)

as follows:

W~
LE Qð Þ

LQ
: uu{

I

3

� �
~{

3

2
UQ : uu{

I

3

� �
ð22Þ

where U has units of energy per unit volume. The

entropy per molecule S is

TS~{
3

2
UQ : QzkT lnZ~2EzkT lnZ ð23Þ

where the partition function Z is

Z~

ð
e{W=kBT du: ð24Þ

Using Equations (22) and (23), the molar free energy

A of the system is found to be
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A~{NAE{NAkBT lnZ

~
3NA

4
UQ : Q{NAkBT lnZ:

ð25Þ

Now we check for the thermodynamic consistency.

According to thermodynamics the relation between

the internal energy E and the free energy A is given by

the following expression:

E Qð Þ~ dbA

db
ð26Þ

where b51/kBT. Using Equations (25) and (26) we

find the consistent result:

E Qð Þ~ dbA

db
~

NAd

db
{bE{lnZð Þ

~ {E{
1

Z

dZ

db

� �
~{Ez2E:

ð27Þ

To find Q we must minimise A. By minimising the

free energy we obtain

dA

dQ
~

3

2
UNAQ{NAkBT

1

Z

dZ

dQ
~0 ð28Þ

which yields the self-consistent relation:

Q~
1

Z

ð
uu{

I

3

� �
e{W=kBT du: ð29Þ

For a uniaxial LC (Q5S(nn2I/3)), contracting

Equation (29) with nn yields

S~
1

Z

ð
3

2
u:nð Þ2{ 1

3

� �
e{W=kBT du: ð30Þ

Appendix II: Orientation distribution function and

order parameter for a binary mixture

In this appendix, we derive the orientation distribu-

tion function ODFmix for a binary mixture of two

discotic nematogens in terms of the single-component

distribution functions ODF. The orientation distri-

bution functions and order parameter of a single-

component nematic LC were introduced in

Equations (1) and (2). Using a mass balance we

find that normalised species orientation distribution

functions ODFmix are given by

ODF1 uð Þ~ r1 uð Þ
r1

; ODF2 uð Þ~ r2 uð Þ
r2

ð31Þ

where u is the unit normal to a molecular disc, (r1, r2)

are the molar densities and (r1(u), r2(u)) are the

molar densities at orientation u. Introducing the
molar fraction of the two components, r15m1r,

r25m2r, where r is molar density of the mixture,

Equations (31) become

ODF1 uð Þ~ r1 uð Þ
m1r

; ODF2 uð Þ~ r2 uð Þ
1{m1ð Þr : ð32Þ

Using a mass balance, the normalised orientation

distribution function of the mixture is

ODFmix uð Þ~ r uð Þ
r

~
r1 uð Þzr2 uð Þ

r
ð33Þ

where we used the molar density of the mixture
with orientation u: r(u)5r1(u)+r2(u). Combining

Equations (32) and (33) we find that the ODFmix is

a linear function of the species

ODFmix uð Þ~m1ODF1 uð Þzm2ODF2 uð Þ: ð34Þ

Next we define the tensor order parameter of a

binary mixture Qmix. We have explained the nature,

origin and physical significance of the tensor order

parameter Q of a single component nematic LC

in the introduction (Equation (2)). Multiplying

Equation (34) with uu{d=3ð Þ and integrating on the
unit sphere we find

ð
ODFmix uð Þ uu{d=3ð Þd2u

~m1

ð
ODF1 uð Þ uu{d=3ð Þd2u

zm2

ð
ODF2 uð Þ uu{d=3ð Þd2u:

ð35Þ

Using Equations (2) and (35), we finally arrive at

Qmix:

Qmix~m1Q1zm2Q2: ð36Þ
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